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Graphs are everywhere

Cyber-security
Computer network

Neuroscience
Functional brain network

Social science
Collaboration network

Energy
Power grid network
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§ Obvious nodes and edges (power grid, computer network)

§ Obvious nodes, but not edges (social networks)

§ Nodes not given (brain, mobility networks)

Given a graph … 

Complex system Graph model Analysis

?
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§ NYC, brain

How to define nodes when not given?

Edges 
from taxi 
usage 
data

Nodes from 
census data

travel network

What makes a 
“good” set of nodes?
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Many brain parcellations have been proposed

Arslan, S., Ktena, S.I., Makropoulos, A., Robinson, EC., Rueckert, D., Parisot, S., 2017, Human brain mapping: A systematic comparison of 
parcellation methods for the human cerebral cortex, NeuroImage, doi: 10.1016/j.neuroimage.2017.04.014
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§ We observe a set of interactions
—
— e.g., taxi trips at geographical coordinates, blood oxygen level at voxels 

§ Assume interactions occur in an unobserved bipartite graph
— Graph                                of senders                                  and receivers

Node learning as a clustering problem

I = {(x1, y1), (x2, y2), . . . , (x`, y`)}
<latexit sha1_base64="8Bu0tCFjwg71ec6MmodYbpea+Zk="></latexit>

G = (S [R,E)
<latexit sha1_base64="FtR+7bPhYmDwIlowGATSmrw1HlI=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUGIIGEmCnoRgiJ6jEsWSIbQ0+lJmvT0DN09gTDkT7x4UMSrf+LNv7GzHDTxQcHjvSqq6vkxZ0o7zreVWVpeWV3Lruc2Nre2d+zdvZqKEklolUQ8kg0fK8qZoFXNNKeNWFIc+pzW/f712K8PqFQsEk96GFMvxF3BAkawNlLbtm/RJSo8tkgSo4cTdHPctvNO0ZkALRJ3RvIwQ6Vtf7U6EUlCKjThWKmm68TaS7HUjHA6yrUSRWNM+rhLm4YKHFLlpZPLR+jIKB0URNKU0Gii/p5IcajUMPRNZ4h1T817Y/E/r5no4MJLmYgTTQWZLgoSjnSExjGgDpOUaD40BBPJzK2I9LDERJuwciYEd/7lRVIrFd3TYun+LF++msWRhQM4hAK4cA5luIMKVIHAAJ7hFd6s1Hqx3q2PaWvGms3swx9Ynz8ZfJFe</latexit>

S = {s1, . . . , sn}
<latexit sha1_base64="u3FwmzyVUJxTkaV8+vHtC2ntYVs=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJSSVEEvQtGLx4q2FpoQNptNu3SzG3Y3QgkF/4oXD4p49Xd489+4bXPQ1gcDj/dmmJkXpowq7TjfVmlpeWV1rbxe2djc2t6xd/c6SmQSkzYWTMhuiBRhlJO2ppqRbioJSkJGHsLh9cR/eCRSUcHv9SglfoL6nMYUI22kwD64u/RyFbg1j0VCqxpUAffGgV116s4UcJG4BamCAq3A/vIigbOEcI0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz1COEqL8fHr+GB4bJYKxkKa4hlP190SOEqVGSWg6E6QHat6biP95vUzHF35OeZppwvFsUZwxqAWcZAEjKgnWbGQIwpKaWyEeIImwNolVTAju/MuLpNOou6f1xu1ZtXlVxFEGh+AInAAXnIMmuAEt0AYY5OAZvII368l6sd6tj1lrySpm9sEfWJ8/MFmU/g==</latexit>

R = {r1, . . . , rm}
<latexit sha1_base64="WOlzUEx5HJ4RJ/+A8TT7AYsCHVo=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSVEE3QtGNyyr2AU0Ik8m0HTqTCTMTocQu/BU3LhRx62+482+ctllo64ELh3Pu5d57woRRpR3n2yosLa+srhXXSxubW9s79u5eS4lUYtLEggnZCZEijMakqalmpJNIgnjISDscXk/89gORior4Xo8S4nPUj2mPYqSNFNgHd5deJgO3Aj0WCa0qUAbcGwd22ak6U8BF4uakDHI0AvvLiwROOYk1Zkiprusk2s+Q1BQzMi55qSIJwkPUJ11DY8SJ8rPp/WN4bJQI9oQ0FWs4VX9PZIgrNeKh6eRID9S8NxH/87qp7l34GY2TVJMYzxb1Uga1gJMwYEQlwZqNDEFYUnMrxAMkEdYmspIJwZ1/eZG0alX3tFq7PSvXr/I4iuAQHIET4IJzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVg5TP74A+szx+D/pUk</latexit>

observed hidden
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§ Goal: Given the observed interactions, we want to recover the hidden graph (i.e., 
senders and receivers)

§ Approach: Cluster interactions into nodes according to two criteria:
— Behavioral Coherence: Points in the same sender should all interact with the same (sparse) 

set of receivers
— Proximity Coherence: Nodes should have contiguous shape

Node learning as a clustering problem

ProximityBehavioral
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§ Clustering with the distance-dependent Chinese Restaurant Process (ddCRP)
— Non-parametric generative model for cluster data
— Constrained by distance

Proposed methods

p(parent(i) = j|D,↵, f) /
(
f(Di,j) i 6= j

↵ i = j
<latexit sha1_base64="EGZcPo7TVNZiaHmphrcTghGxPl0="></latexit>

f(Dij)
<latexit sha1_base64="Z7ctcsPQArOfYsGuC1wGbHtnhio=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY1IPHCvZD2qVk02wbm2SXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qiSrNI3ptxTH2BB5KFjGBjpYewfNNL2ePktFcsuRV3BrRMvIyUIEO9V/zq9iOSCCoN4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWSiyo9tPZwRN0YpU+CiNlSxo0U39PpFhoPRaB7RTYDPWiNxX/8zqJCS/9lMk4MVSS+aIw4chEaPo96jNFieFjSzBRzN6KyBArTIzNqGBD8BZfXibNasU7q1Tvzku1qyyOPBzBMZTBgwuowS3UoQEEBDzDK7w5ynlx3p2PeWvOyWYO4Q+czx8poI/9</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

f(Dij)
<latexit sha1_base64="Z7ctcsPQArOfYsGuC1wGbHtnhio=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY1IPHCvZD2qVk02wbm2SXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qiSrNI3ptxTH2BB5KFjGBjpYewfNNL2ePktFcsuRV3BrRMvIyUIEO9V/zq9iOSCCoN4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWSiyo9tPZwRN0YpU+CiNlSxo0U39PpFhoPRaB7RTYDPWiNxX/8zqJCS/9lMk4MVSS+aIw4chEaPo96jNFieFjSzBRzN6KyBArTIzNqGBD8BZfXibNasU7q1Tvzku1qyyOPBzBMZTBgwuowS3UoQEEBDzDK7w5ynlx3p2PeWvOyWYO4Q+czx8poI/9</latexit>

f 0(Dij)
<latexit sha1_base64="XCl/ECCFH504rE3jsw1XX2Ve8NE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxXspuFfRY1IPHCvYD26Vk02wbm2SXJCuUpf/CiwdFvPpvvPlvTNs9aPXBwOO9GWbmBTFn2rjul5NbWl5ZXcuvFzY2t7Z3irt7TR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0dXUbz1SpVkk78w4pr7AA8lCRrCx0n14XL7upexhctIrltyKOwP6S7yMlCBDvVf87PYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2cUTdGSVPgojZUsaNFN/TqRYaD0Wge0U2Az1ojcV//M6iQkv/JTJODFUkvmiMOHIRGj6PuozRYnhY0swUczeisgQK0yMDalgQ/AWX/5LmtWKd1qp3p6VapdZHHk4gEMogwfnUIMbqEMDCEh4ghd4dbTz7Lw57/PWnJPN7MMvOB/fi06QLg==</latexit>

Probability of sitting 
together inversely 
proportional to distance

“dispersion” parameter 
controls probability of 
new table
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§ Behavioral coherence
— Assume we knew the receivers
— A point      in sender      samples a receiver from a Categorical distribution

Proposed methods

R = {r1, . . . , rm}
<latexit sha1_base64="WOlzUEx5HJ4RJ/+A8TT7AYsCHVo=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSVEE3QtGNyyr2AU0Ik8m0HTqTCTMTocQu/BU3LhRx62+482+ctllo64ELh3Pu5d57woRRpR3n2yosLa+srhXXSxubW9s79u5eS4lUYtLEggnZCZEijMakqalmpJNIgnjISDscXk/89gORior4Xo8S4nPUj2mPYqSNFNgHd5deJgO3Aj0WCa0qUAbcGwd22ak6U8BF4uakDHI0AvvLiwROOYk1Zkiprusk2s+Q1BQzMi55qSIJwkPUJ11DY8SJ8rPp/WN4bJQI9oQ0FWs4VX9PZIgrNeKh6eRID9S8NxH/87qp7l34GY2TVJMYzxb1Uga1gJMwYEQlwZqNDEFYUnMrxAMkEdYmspIJwZ1/eZG0alX3tFq7PSvXr/I4iuAQHIET4IJzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVg5TP74A+szx+D/pUk</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

s
<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3/OM+w==</latexit>

p(y 2 ri|✓s) = ✓si 8(x, y), x 2 s
<latexit sha1_base64="p13/wnLpuQWBOx0R+3KQmZ8AkfQ="></latexit>

✓s1
<latexit sha1_base64="CKPTqAbvvhgSR5yALInQ7qGSBEU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YA0lM120i7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3iJIUgZkMlIsEZWsnv4QiQ9XPjTfuVqltz56CrxCtIlRRo9itfvUHCsxgUcsmM8T03xSBnGgWXMC33MgMp42M2BN9SxWIwQT4/eUrPrTKgUaJtKaRz9fdEzmJjJnFoO2OGI7PszcT/PD/D6CbIhUozBMUXi6JMUkzo7H86EBo4yokljGthb6V8xDTjaFMq2xC85ZdXSbte8y5r9YerauO2iKNETskZuSAeuSYNck+apEU4ScgzeSVvDjovzrvzsWhdc4qZE/IHzucPbuWRWQ==</latexit>

✓s2
<latexit sha1_base64="qaf2u5RxwlwvYXpJBbGS2Dhxtiw=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YA0lM120i7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3iJIUgZkMlIsEZWsnv4QiQ9XNTn/YrVbfmzkFXiVeQKinQ7Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkna95l3W6g9X1cZtEUeJnJIzckE8ck0a5J40SYtwkpBn8kreHHRenHfnY9G65hQzJ+QPnM8fcGqRWg==</latexit>

✓s3
<latexit sha1_base64="jo7sCOq60V8GPtDh5rQpcp8RHMo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2A9oQ9lsN+3STTbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNirVjLeYkkp3A2q4FDFvoUDJu4nmNAok7wSTu7nfeeLaCBU/4jThfkRHsQgFo2ilXh/HHOkgM/XZoFxxq+4CZJ14OalAjuag/NUfKpZGPEYmqTE9z03Qz6hGwSSflfqp4QllEzriPUtjGnHjZ4uTZ+TCKkMSKm0rRrJQf09kNDJmGgW2M6I4NqveXPzP66UY3viZiJMUecyWi8JUElRk/j8ZCs0ZyqkllGlhbyVsTDVlaFMq2RC81ZfXSbtW9erV2sNVpXGbx1GEMziHS/DgGhpwD01oAQMFz/AKbw46L86787FsLTj5zCn8gfP5A3HvkVs=</latexit>

✓s4
<latexit sha1_base64="fn0WhUw04ocqGXERuqg9USoPYxI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsN+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKvT6OOdJBZuqzQbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4uTZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY3viZUEmKXLHlojCVBGMy/58MheYM5dQSyrSwtxI2ppoytCmVbAje6svrpF2relfV2kO90rjN4yjCGZzDJXhwDQ24hya0gEEMz/AKbw46L86787FsLTj5zCn8gfP5A3N0kVw=</latexit>

x y
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§ If we had a set of receivers, we could cluster x’s into senders using a ddCRP
— Customers -> x’s
— Tables -> sender nodes
— Dish -> Categorical distribution parameter

§ Similarly, if we had senders, we could cluster y’s into receivers

§ Main idea: iteratively cluster x’s and y’s until convergence

Proposed methods
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Proposed methods

x y x y x y

x y x y x y

Update S given R Update R given S Update S given R

Update S given R Update R given S
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§ Little pre-processing needed

§ Few parameters 

§ Inference requires sampling (slow)

Proposed methods
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§ Spectral clustering as a fast heuristic

Proposed methods

Pre-aggregate
into fine grid

Cluster cells by 
similarity matrix

M = �(1�D) + (1� �)(1�B)
<latexit sha1_base64="ZdsUDWOsJN+Bupa/IL14rxW6bWY=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARWsQyUwXdCKW6cCNUsBdoh5JJM21oJjMkGaGUvoIbX8WNC0XcunPn25i5LLT1h8DHf87h5PxuyKhUlvVt5JaWV1bX8uuFjc2t7R1zd68lg0hg0sQBC0THRZIwyklTUcVIJxQE+S4jbXd8FdfbD0RIGvB7NQmJ46Mhpx7FSGmrb5Zu4SXsuUQhWLLhCbwuw+OUErOccr1c6JtFq2IlgotgZ1AEmRp986s3CHDkE64wQ1J2bStUzhQJRTEjs0IvkiREeIyGpKuRI59IZ5pcNINH2hlALxD6cQUT9/fEFPlSTnxXd/pIjeR8LTb/q3Uj5V04U8rDSBGO00VexKAKYBwPHFBBsGITDQgLqv8K8QgJhJUOMQ7Bnj95EVrVin1aqd6dFWv1LI48OACHoARscA5q4AY0QBNg8AiewSt4M56MF+Pd+Ehbc0Y2sw/+yPj8AU4flwE=</latexit>

Euclidean 
distance

Symmetric KL 
divergence

Trade-off 
parameter
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Validation on synthetic data

Uniform commute (UC) Hubs and cycles (HC) Small world (SW)
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§ ddCRP clustering similar to ground truth

§ More accurate in regions with more observations

Validation on synthetic data
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§ Measured accuracy using adjusted mutual information (AMI)
— Close to 1 if inferred clusters resemble the ground truth

§ ddCRP much more accurate than spectral clustering, but much slower

Validation on synthetic data
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§ ddCRP applied to Manhattan taxi trips

§ Manhattan roughly divided into Upper, 
Lower, West Side, and East Side 
Manhattan. 

§ Nodes are consistent over different 
days of the month

New York City Taxi Data
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§ Spectral clustering applied to the entire city

New York City Taxi Data
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§ Goal: Learn nodes of a graph from “atomic” interactions

Conclusions

ddCRP Spectral Clustering
• No pre-processing required
• Few parameters
• Infers number of nodes
• Probabilistic interpretation
• Slow
• “Nodes” are defined as a cluster 

of points. How to label new 
observations? 

• Scales to millions of interactions
• Requires initial partition
• Needs to specify number of 

nodes




