
Vision – Service – Partnership 
Managed and Operated by National Security Technologies, LLC 
Nevada National Security Site 

An MCMC Approach to Quantifying Uncertainties in Neutron Tomography 

An MCMC Approach to
Quantifying Reaction Uncertainties

in Controlled Fusion

Aaron Luttman
Principal Scientist (Mathematician)

Defense Experimentation and
Stockpile Stewardship

National Security Technologies, LLC

Joint work with the NSTec Dense Plasma
Focus Research Group

DOE/NV/25946--2379

This work was done by National Security Technologies, LLC, under Contract No. DE-AC52-06NA25946 with
the U.S. Department of Energy and supported by the Site-Directed Research and Development Program.



Vision – Service – Partnership 
Managed and Operated by National Security Technologies, LLC 
Nevada National Security Site 

An MCMC Approach to Quantifying Uncertainties in Neutron Tomography 

Neutron Time of Flight

Primary Problem: Determine the
creation time and energy characteristics
for neutrons generated in a controlled
fusion reaction.

Dense Plasma Focus (DPF):
Deuterium or Deuterium and Tritium get
fully ionized to form a plasma then get
compressed to the point of fusing,
emitting photons and neutrons.
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Radiation Detectors

Neutron Detectors:

1. Neutron interacts with
scintillator, which releases a
charged particle,

2. which bounces around and
releases photons,

3. into a photomultiplier tube.

4. Released photons hit the
photocathode,

5. generating a flow of electrons.

Notes:

I Neutrons are counted without
regard to energy.

I Neutrons have mass, so higher
energy neutrons are faster than
low energy neutrons.

I Scatter effects are difficult to
distinguish from the desired
interactions.
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Detector Signals
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Time of Flight
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KEY FEATURE: Since neutrons have mass,
neutrons of different energies travel at different
speeds. Thus, the neutron detector signals
broaden as a function of distance from the
detector.



Vision – Service – Partnership 
Managed and Operated by National Security Technologies, LLC 
Nevada National Security Site 

An MCMC Approach to Quantifying Uncertainties in Neutron Tomography 

Mathematical Formulation

The neutron time of flight (NToF) model for the measurement at a detector is

S(X , t ′) =
κNαA
4πX 2

∫ ∞
0

∫ ∞
−∞

F (v , t)δ
(

t −
(

t ′ − X
v

))
dt dv

=
κNαA
4πX 2

∫ ∞
0

F
(

v , t ′ − X
v

)
dv ,

where

I t – Neutron creation time,

I t ′ – Neutron detection time,

I X – Distance from source to
detector,

I v – Neutron velocity,

I t – Neutron creation time,

I t ′ – Neutron detection time,

I X – Distance from source to
detector,

I v – Neutron velocity,

I F – Neutron time-velocity
spectrum at creation,

I N – Total neutron yield

I α – Detector efficiency, and

I A – Detector surface area

I F – Neutron time-velocity
spectrum at creation,

I N – Total neutron yield

I α – Detector efficiency, and

I A – Detector surface area
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Reaction Model

Assuming a Maxwell-Boltzmann
distribution for neutron creation time and a
Gaussian distribution in energy,

f1(v) =
2v√
2πσE

exp
(
−(v2 − E0)

2

2σ2
E

)

f2(t) =

√
2
π

(t − t0)2 exp
(
−(t−t0)

2

2a2
t

)
a3

t

and a separable total number distribution
gives

F (v , t) = f1(v)f2(t) =
2v(t − t0)2

πσE a3
t

exp
(
− (v2 − E0)

2

2σ2
E

− (t − t0)2

2a2
t

)

E0 is the peak energy; σE is the energy spread; t0 is initial neutron creation time; and at is a time profile shape
parameter.
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Parametric Inverse Problem

Thus the goal is to compute the optimal model parameters

θ = {t0, v0,at ,av , κ1, . . . , κM}

from

bj := S(Xj , t ′) =
κj NαA
4πX 2

j

∫ ∞
0

F
(

v , t ′ −
Xj

v

)
dv

=
κj NαA

2π2X 2
j σE a3

t

∫ ∞
0

(v(t ′ − t0)− X) exp

(
−
(v2 − E0)

2

2σ2
E

−
(v(t ′ − t0)− X)2

2v2a2
t

)
dv ,

:= T (Xj , t ′,N, α,A, θ)

given the measurements from detectors at distances {X1,X2, . . . ,XM}.



Vision – Service – Partnership 
Managed and Operated by National Security Technologies, LLC 
Nevada National Security Site 

An MCMC Approach to Quantifying Uncertainties in Neutron Tomography 

Statistical Formulation

The Bayesian formulation for solving the associated least squares problem
is

p(b|θ) ∝ exp

−1
2

M∑
j=1

‖bj − T (Xj , t ′,N, α,A, θ)‖
2

 .

We place a Gaussian prior on θ,

p(θ) ∝ exp
(
−θT C−1θ

)
,

where C is the parameters’ covariance, which gives the posterior

p(θ|b) ∝ exp

−1
2

M∑
j=1

‖bj − T (Xj , t ′,N, α,A, θ)‖
2 − θT C−1θ

 .



Vision – Service – Partnership 
Managed and Operated by National Security Technologies, LLC 
Nevada National Security Site 

An MCMC Approach to Quantifying Uncertainties in Neutron Tomography 

MCMC Toolbox∗

In order to compute the optimal parameter values, we sample from the posterior
using a Markov Chain Monte Carlo approach.

∗H. Haario, M. Laine, A. Mira and E. Saksman,
2006. “DRAM: Efficient adaptive MCMC,” Statistics
and Computing, 16 (2006), pp. 339-354.
(doi:10.1007/s11222-006-9438-0)
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D-D Results
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Thanks!

Feel free to email me at

luttmaab@nv.doe.gov

with questions, comments, or for
offprints/preprints.
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